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0.1 Introduction

The intention of these notes is to provide an overview of the techniques used
in the analysis of the failure of structured media. In particular, they serve
to highlight the importance of the Wiener-Hopf technique in understanding
the dynamics of these materials as they fail.

A natural question to ask is why study the failure of a structured medium?
Some answers to this question can be found in several applications, from (i)
understanding the multi-scale response of material undergoing failure, (ii)
the analysis of a new breed of microstructured materials or metamaterials
having fascinating and unconventional properties to (iii) the collapse of large
scale systems or engineering structures found in society.

The first models of failure in a structured material or a lattice (a dis-
crete medium composed of masses and elastic links) were considered in [1]
in the description of how a uniform mass-spring chain fails. This was later
extended to the study of 2-dimensional lattices [2–5], motivated by explain-
ing experimental observations of materials as they fail that could not be
explained with conventional continuum models. These models have helped
to illustrate the multi-scale nature of fracture. The admissibility of the solu-
tions obtained in [2–4], i.e. if the solution obtained for a give crack speed is
physically acceptable, was investigated in [5], providing explanations of pos-
sible instabilities in dynamic crack behaviour at certain speeds. The issue
of admissibility has also been readdressed in [6].

In [2–5], a crack is assumed to be steadily propagated by the action of
a remote load and its advancement occurs due to the sequential breakage
of links within the medium. When these links break, waves are radiated
from the crack tip that excite the lattice microstructure and their role in
the fracture of the lattice can be deduced.

The analysis of the failure of a structured medium relies on the use of
techniques from structural mechanics, classical mechanics and complex anal-
ysis. Typically, one writes the governing equations for the junctions of the
structure. A moving coordinate is then introduced to describe the propaga-
tion of the crack, and the generalised coordinates describing the motion of
the lattice particles is assumed to depend on this coordinate. The Fourier
transform is then applied to obtain a functional equation of the Wiener-
Hopf type along the path of the defect. This equation embeds information
relating to the dynamics of the lattice. The profile or deformation of the
medium assumed during the fracture process can be obtained by solving the
Wiener-Hopf equation and performing the inverse Fourier transform. The
latter step is also important in determining when non-steady failure regimes
of propagation for the crack can occur [7]. A description of this technique
and a survey of developments in fracture mechanics in the last century is
given in [8] (on which the present notes are based).

The technique adopted for the above problems has found great impor-
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tance in determining the response of next generation materials or metama-
terials as they fail. These materials rely on their microstructure to produced
counter-intuitive effects and responses not observed in conventional materi-
als. In addition, their microstructure can be easily customised with contem-
porary manufacturing techniques for different practical purposes. Hence,
this gives rises to a variety of new scenarios where intriguing fracture phe-
nomena can be observed and widens the range possible methods for initiat-
ing and sustaining these processes. In particular, understanding how these
new materials fail is crucial in the design of stronger materials. Examples
where the technique of [8] has been applied to understanding the failure of
metamaterials include [9–12], where the influence of distributed lattice in-
homogeneities, structured interfaces and nonlocal lattice interactions on the
crack behaviour were considered. Further examples of how some particular
metamaterials fail can be found in [13–15]. Different loading and failure
mechanisms of multi-scale structures have also been considered in [16–18].
Analogous techniques (utilising the Z-transform) to those in [8], have en-
abled the understanding of the scattering and diffraction of waves in lattices
with defects [19–23].

More recently, the mathematical tools described below have found new
applications in understanding how structures with flexural links undergo
failure. These structures have a wider range of applicability in comparison
with elastic lattices and represent simplified models of structures found in
our everyday environment, for instance, bridges, buildings, pipeline systems
and rooftops. This has lead to determining the static response of a 2- and
3-dimensional media with cracks [24,25], representing the models of a bridge
grillage and open cell foams, respectively. The periodic failure of bridges due
to gravity or thermal loads has been considered in [26, 27]. The failure of
mass-beam systems subjected to vibrational loads can be found in [28,29].

As mentioned above, the Wiener-Hopf technique underpins the scientific
endeavours described. Here, we demonstrate how this technique can be used
to tackle the problem of a square-cell lattice undergoing Mode III failure. In
particular, we show that the application of this technique leads to an elegant
method for efficiently obtaining information about the lattice dynamics as
it fails, which would usually require very intensive numerical (and possibly
very inaccurate) efforts to obtain.

0.2 Description of the problem

We consider a Mode III crack propagating within a square-cell lattice, com-
posed of periodically placed masses, with mass M , connected by springs (see
Figure 1). Each spring has length a and stiffness c. The positions of the
masses in the medium are assigned the indices (m,n) ∈ Z2, which determine
the position of node in the lattice with

xm,n = x0 +mej + ne2 ,
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with
e1 = (1, 0)T , e1 = (0, 1)T ,

and x0 being the position of a reference particle in the lattice, that we
assume is situated along n = 0. A particle associated with the indices (m,n)
in the lattice is assumed to have the out-of-plane displacement um,n(t) =
u(xm,n, t). Within this structure, between the rows n = 0 and n = −1

m = �2 �1 0 1 2 3 4 5 6 7

�1

�2

�3

�4

1
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0
⌘
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2x2

x1crack
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a

Figure 1: Infinite square-cell lattice containing a crack propagating with
speed v between the rows n = −1 and n = 0.

a crack propagates with constant speed v in the lattice. We assume its
propagation is driven by a remote load and the crack advances to the right
in the lattice with a constant speed v > 0 through the sequential rupture of
transverse connections located between these rows. The crack propagates
with a speed below the speed of sound V in the lattice defined by

V =

√
ca2

M
,

known as the sub-sonic speed regime for the crack. The breakage of the link
at the crack front (that in Figure 1 is represented by the vertical link at
m = 2) occurs when it undergoes a critical extension, and we prescribe the
condition for this to occur as

|um∗,0(t∗)− um∗,−1(t∗)| = εc , (1)

where m∗ = bvt∗/ac is the value of the index m corresponding to the position
of the spring representing the crack front, t∗ is the time of its fracture and
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εc represents the critical value of the elongation of the spring. Additionally,
we impose the condition

|um,0(t∗)− um,−1(t∗)| < εc for m > m∗ , (2)

due to Marder and Gross [5], which means we do not consider the case of
non-uniqueness of the crack tip, for example, which can occur when voids
may appear ahead of the crack between n = 0 and n = −1.

We will also assume that the loading applied results in a deformation of
the lattice so that

um,n(t) = −um,−(n+1)(t) , n ≥ 0 , (3)

corresponding to the Mode III failure of the lattice, and this allows us to
reduce the problem by considering only the behaviour of the lattice in region
n > 0, m ∈ Z.

0.3 Equations governing the motion of the lattice

For n > 0, m ∈ Z, the governing equations of the nodes are:

Müm,n(t) = c(um+1,n(t)+um−1,n(t)+um,n+1(t)+um,n−1(t)−4um,n(t)) . (4)

Along the upper crack face (n = 0) we also have:

Müm,0(t) = c(um+1,0(t) + um−1,0(t) + um,1(t)− 3um,0(t))

+c(um,−1(t)− um,0(t))H(ma− vt) +Qm(t) , (5)

where the dot denotes differentiation with respect to time and H is the
Heaviside function

H(x) =

{
1 , x ≥ 0 ,
0 , otherwise.

. (6)

In (5) the term Qm(t) represented the loading of the structure. The lattice
particles are also initially assumed to be at rest, i.e.:

um,n(0) = 0, u̇m,n(0) = 0 , (m,n) ∈ Z2 . (7)

Note that due to symmetry conditions (3), the criteria governing the crack
advancement (1) and (2) become

|um∗,0(t)| = εc
2
, and |um,0(t)| < εc

2
, for m > m∗ . (8)

Remark on the long-wavelength approximation of the lattice

Before moving on, we discuss the low-frequency/long wavelength limit of the
homogeneous lattice behaviour of the lattice. Here, under the assumption
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that the wavelength of waves propagating in lattice are large in comparison
to the the size of the individual lattice connections, one can show that the
equations (4) approximate the 2-dimensional wave equation:

µeff∆xu(x, t) = ρeff
∂2u

∂t2
(x, t) , (9)

where u(x, t) is the solution of this limit problem,

∆x :=
∂2

∂x2
1

+
∂2

∂x2
2

is the Laplacian and

µeff =
c

a
and ρeff =

M

a3
, (10)

that represent the effective shear modulus and density of the material. This
equation governs shear waves propagating in a homogeneous solid. This fact
is derived in the Appendix.

0.3.1 Normalisation and additional assumptions

We proceed by normalising the equations by introducing the dimensionless
time and crack speed as:

t̃ =

√
c

M
t , v =

√
ca2

M
ṽ , (11)

and the dimensionless displacements and lattice forcing as:

um,n(t) = aũn(t̃) , Qm(t) = caQ̃(t) , ε̃c = aεc (12)

where all quantities appearing with the symbol “˜” are dimensionless. Under
the above normalisation, we consider the crack speed ṽ < 1.

Later, we will also use a moving coordinate

η = m− ṽt̃ (13)

to trace the position of the crack front in the lattice and with this we inter-
pret the dimensionless time-derivative as

d

dt̃
=

∂t̃

∂t̃

∂

∂t̃
+
∂η

∂t̃

∂

∂η

=
∂

∂t̃
− v ∂

∂η
(14)

owing to the chain rule. In what follows, we omit the symbol “˜” for ease
of notation.
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0.3.2 Governing equations in terms of the Fourier transform

Using (11) and (14) we obtain from (4)

üm,n(t) = um+1,n(t) + um−1,n(t) + um,n+1(t) + um,n−1(t)− 4um,n(t) , (15)

for n ≥ 0 and from (3) and (5) we have

üm,0(t) = um+1,0(t) + um−1,0(t) + um,1(t)− 3um,0(t)

−2um,0(t)H(m− vt) +Qm(t) , (16)

for n = 0. In the above, all variables are dimensionless and the dot now
represents the derivative with respect to the dimensionless time.

Next we use the assumptions

um,n(t) = un(η, t) , Qm(t) = Q(η, t) , (17)

that is the displacements and the forcing term depend on the moving co-
ordinate η as well as t. In what follows they are treated as independent
variables.

Employing this assumption together with (14), we derive from (15) that
the equations of motion for n > 0, m ∈ Z

∂2un
∂t2

(η, t)− 2v
∂2un
∂t∂η

(η, t) + v2∂
2un
∂η2

(η, t)

= un(η + 1, t) + un(η − 1, t) + un+1(η, t) + un−1(η, t)− 4un(η, t) ,

(18)

whereas along n = 0, we have from (16)

∂2u0

∂t2
(η, t)− 2v

∂2u0

∂t∂η
(η, t) + v2∂

2u0

∂η2
(η, t)

= u0(η + 1, t) + u0(η − 1, t) + u1(η, t)− 3u0(η, t)

−2u0(η, t)H(η) +Q(η, t) , (19)

for m ∈ Z. Here the time derivatives in (15) and (16) have been replaced
using (14). Next, we introduce the Laplace transform in time t

uL(η, s) =

∫ ∞
0

u(η, t)e−stdt (20)

and the Fourier transform of the function uL(η, s) with respect to η

uLF(k, s) =

∫ ∞
−∞

uL(η, s)eikηdη . (21)
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Later, for convenience we will also split the transformed function uLF as
follows

uLF(k, s) = u+(k, s) + u−(k, s) , u±(k, s) =

∫ ∞
−∞

uL(η, s)eikηH(±η)dη .

(22)
We apply the Laplace transform, followed by the Fourier transform to (18)
and arrive at

(s+ ikv)2uLF
n (k, s) = uLF

n+1(k, s) + uLF
n−1(k, s)− 2(2− cos(k))uLF

n (k, s) ,

(23)

for n > 0. For n = 0 the same transforms applied to (19) leads to

(s+ ikv)2uLF
0 (k, s) = (2 cos(k)− 3)uLF

0 (k, s) + uLF
1 (k, s)

−2u+
0 (k, s) +QLF(k, s) . (24)

Next we multiply through equations (23) and (24) by the Laplace transform
parameter s and take the limit as s→ +0. In physical variables, this process
coincides with taking the limit as t → ∞, or in other words, transitioning
from the transient regime of the system to the steady-state regime in the
lattice. Therefore, we define the limits

Un(k) = lim
s→+0

suLF
n (k, s) , Q(k) = lim

s→+0
sQLF(k, s) (25)

and for n = 0 set

U0(k) = U+
0 (k) + U−0 (k) , U±0 (k) = lim

s→+0
su±0 (k, s) , (26)

(see (22)). The previous limit in terms of the physical variables implies

un(η) = lim
t→∞

un(η, t) , (27)

i.e. the function un in the steady state limit only depends on the moving
coordinate η. Thus, using (25) and (26) we arrive at the equations

(0 + ikv)2Un(k) = Un+1(k) + Un−1(k)− 2(2− cos(k))Un(k) , n > 0 ,(28)

and

(0 + ikv)2U0(k) = (2 cos(k)− 3)U0(k) + U1(k)− 2U+
0 (k) +Q(k) , n = 0 .

(29)

Here, we interpret the term “0 + ikv” as the limit

0 + ikv = lim
s→+0

s+ ikv . (30)

Remark. In the subsequent development, we will treat the quantity on
the above left-hand side as a small perturbation from ikv, and in numerical
computations we will use s+ ikv where 0 < s� 1.
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0.4 Solution of the problem in the upper half-plane of the
lattice

0.4.1 A recurrence problem for the upper lattice half-plane

Here, (28) represents a recurrence relation for Un, n ≥ 0, with coefficients
independent of n. Hence its solution can be sought in the form:

Un(k) = λnC |λ| ≤ 1 , n ≥ 0 , (31)

where the condition on λ has been imposed to avoid a solution where the
displacements in the lattice can grow perpendicular to the crack path. Here,
when |λ| = 1 the displacements have constant amplitude in the directions
perpendicular to the crack path and for |λ| < 1 these displacements decay
in the same directions away from the crack.

Inserting (31) into (28) for n > 0 gives:

(0 + ikv)2λnC = λn+1C + λn−1C − 2(2− cos(k))λnC , (32)

and in simplifying we retrieve a quadratic (characteristic) equation for λ:

0 = λ2 − 2Ω(k, 0 + ikv)λ+ 1 , (33)

with

Ω(k, x) =
1

2
[4 sin2(k/2) + 2 + x2] . (34)

Thus the solutions of (33) are

λ = Ω(k, 0 + ikv)±
√

Ω(k, 0 + ikv)− 1 (35)

but in view of the constraint that we require |λ| ≤ 1, we set

λ(k, 0 + ikv) =

√
Ω(k, 0 + ikv) + 1−

√
Ω(k, 0 + ikv)− 1√

Ω(k, 0 + ikv) + 1 +
√

Ω(k, 0 + ikv)− 1
. (36)

Additionally, C can be found in (31) by considering n = 0, so that

C = U0(k) , (37)

and the solution in the lattice for n > 0 is then

Un(k) = [λ(k, 0 + ikv)]nU0(k) with |λ(k, 0 + ikv)| ≤ 1 . (38)

0.4.2 Properties of characteristic root λ in the recurrence prob-
lem

Here we note that

0 ≤ Arg(Ω(k, 0 + ikv)± 1) < π , for k ≥ 0 , (39)
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and

−π < Arg(Ω(k, 0 + ikv)± 1) < 0 , for k < 0 , (40)

where Arg(f(z)) represents the continuous argument of the complex valued
function f(z), z ∈ C. In addition,

Re[Ω(k, 0 + ikv) + 1] > Re[Ω(k, 0 + ikv)− 1] , (41)

and

Im[Ω(k, 0 + ikv) + 1] = Im[Ω(k, 0 + ikv)− 1] . (42)

Thus,

Re[
√

Ω(k, 0 + ikv) + 1] > 0 ,

Re[
√

Ω(k, 0 + ikv)− 1] > 0 , and

sign{Im[
√

Ω(k, 0 + ikv) + 1]} = sign{Im[
√

Ω(k, 0 + ikv)− 1]} .(43)

and
|Arg[

√
Ω(k, 0 + ikv) + 1]| < |Arg[

√
Ω(k, 0 + ikv)− 1]| . (44)

Hence, it follows from this that λ in (36) satisfies |λ| < 1. Moreover, for
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Figure 2: (a) The path traced by λ. The unit disk is indicated in red. (b)
The continuous argument of λ as a function of k. The computations are
based on (36) for k ∈ [−30, 30], v = 0.31 and s = 0.05.

k > 0

−π/2 < Arg[
√

Ω(k, 0 + ikv) + 1−
√

Ω(k, 0 + ikv)− 1] < 0 (45)

π/2 > Arg[
√

Ω(k, 0 + ikv) + 1 +
√

Ω(k, 0 + ikv)− 1] > 0 (46)

and so this with (36) implies

−π < Arg[λ(k, 0 + ikv)] < 0 , for k > 0 . (47)
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In a similar way, one can prove that

π > Arg[λ(k, 0 + ikv)] > 0 , for k < 0 . (48)

The properties (47) and (48) can also be observed in Figure 2. Figure 2(a)
shows that |λ(k, 0 + ikv)| ≤ 1 and in Figure 2(b) show clearly that (47) and
(48) are satisfied by the continuous argument Arg[λ(k, 0 + ikv)].

In addition, later we use the following identity obtained from (33)

Ω(k, 0 + ikv) =
1

2

(
λ(k, 0 + ikv) +

1

λ(k, 0 + ikv)

)
. (49)

0.5 Derivation of the Wiener-Hopf equation along n = 0

It remains to return to (29), and analyse the equations posed along n = 0.
Here we show this equation can be reduced to a Wiener-Hopf equation with
the knowledge of the solution in the upper half-plane of the lattice (see the
previous section).

We insert (38) into (29) and obtain the equation

(0 + ikv)2U0(k) = (2 cos(k)− 3)U0(k) + λ(k, 0 + ikv)U0(k)

−2U+
0 (k) +Q(k) . (50)

Next, invoking the split of the function U0 in (26) and gathering terms
involving U+

0 and U−0 , this equation becomes

G1(k, 0 + ikv)U−0 (k) +G2(k, 0 + ikv)U+
0 (k) = Q(k) . (51)

with

G1(k, s) = s2 − (2 cos(k)− 3)− λ(k, s)

= 2Ω(k, s)− 1− λ(k, s)

=
1− λ(k, 0 + ikv)

λ(k, 0 + ikv)
(52)

where (34) was used in moving to the second equation and (49) was used in
moving to the last. In addition,

G2(k, s) = G1(k, s) + 2 =
1 + λ(k, 0 + ikv)

λ(k, 0 + ikv)
. (53)

Alternatively, (51) can be written as the following Wiener-Hopf equation

L(k, 0 + ikv)U+
0 (k) + U−0 (k) =

Q(k)

G1(k, 0 + ikv)
, (54)

where L is the kernel function of the equation defined by

L(k, 0 + ikv) =
G2(k, 0 + ikv)

G1(k, 0 + ikv)
=
λ(k, 0 + ikv) + 1

1− λ(k, 0 + ikv)
. (55)
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0.6 Dispersion relations

Dynamic phenomena in the lattice can be identified by replacing 0 + ikv by
iω in L (where ω represents the radian frequency for the lattice vibrations)
and considering the zero and singular points of this function. This provides
dispersion relations, that describe how the frequency ω of waves propagating
in the lattice depend on the wavenumber k.

Considering the singular points of the function L(k, iω) (see (55)), leads
us to considering when

λ(k, iω) = 1 . (56)

Consulting (36) shows this occurs only when

Ω(k, iω1(k)) = 1 , (57)

and from this with (34), we derive the first dispersion relation in the form

ω1(k) = 2| sin(k/2)| . (58)

This relation represents the acoustic branch of the system, and physically
corresponds to the dispersion relation for the lattice with a free boundary.
Along the acoustic branch the parameter λ satisfies (56). Hence, for a wave
associated with this relation, the lattice displacements do not change sign
in the direction perpendicular to the free boundary in the lattice (see (38)).

On the other hand, the function L(k, iω) is zero when

λ(k, iω) = −1 , (59)

and in a similar way to as above, we derive this is satisfied along the optical
curve for the system:

ω2(k) = 2

√
sin2(k/2) + 1 . (60)

We note along this branch, that

Ω(k, iω2(k)) = −1 , (61)

and (59) are satisfied. For a wave associated with the relation (60), the sign
of the lattice displacements can alternate in the direction perpendicular to
the crack path in the medium.

The dispersion relations (58) and (60) are shown in Figure 3.

Connection with vibration of semi-infinite lattices

With regard to previous analysis of the dispersion relations, we briefly men-
tion their connection to problems concerning study of vibration for two
lattice half-planes.
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Figure 3: Dispersion relations ω1 (black curve) and the ω2(k) (grey curve)
as functions of the wavenumber k. Computations are based on (58) and
(60).

supported boundary

free boundary

c

2c

(a) (b)

Figure 4: Semi-infinite lattices with a (a) free boundary and (b) supported
boundary. In (b) the supports, represented by the red springs, are clamped
at the base (having zero displacement) and have spring stiffness twice that
of the links in the interior of the lattice.
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Vibration in a lattice half-plane with a free boundary. Concerning the
dispersion relation ω1(k) in (58), this relation is connected to the propaga-
tion of waves in a lattice half-plane (n ≥ 0) with a free boundary.

Indeed, for this problem the normalised governing equations of this lat-
tice are (15) and (16) (with m < vt and Qm(t) = 0). One can then use the
solution of the form

um,n(t) = Am,ne−iωt , Am,n = [λ(k, iω)]nfeikm (62)

where λ is given in (36), f is a non-trivial constant representing the ampli-
tude of the wave along n = 0 and ω is the radian frequency of the vibrations
in the lattice. We can show such a solution satisfies the governing equa-
tions (15) and to determine f we substitute (62) into (16) and obtain the
homogeneous problem

G1(k, iω)f = 0 .

Hence, for non-zero f we should consider when its coefficient above is zero
and this leads to (58). An example of the wavemode associated with (58)
propagating in this lattice is shown in Figure 5(a). There the wave oscillates
parallel to the free boundary (n = 0) and is independent of n perpendicular
to this boundary.

m

n
m

n

(a) (b)

Figure 5: A typical representation of the vibration modes associated with
(a) the acoustic curve (see (58)), defined by the coordinates of the red circle
along the acoustic curve in Figure 3, and (b) the optical curve (see (60)),
defined by the coordinates of the blue circle along the optical curve in Figure
3. The lattice nodes are shown as red dots. The fields are computed with
the real part of the amplitude Am,n in (62), with f = 1.

Waves in a lattice half-plane with a supported boundary. Here we con-
sider the lattice half-plane n ≥ 0 that is attached to transverse springs with
link twice that of the interior lattice links. The equations governing this
lattice are (15) and (16) (with m > vt and Qm(t) = 0). In this case, in
taking the solution (62), in the same way as for the previous problem, we

15



can reduce the study of this lattice to the homogeneous problem

G2(k, iω)f = 0 .

Again, seeking a non-trivial amplitude in f , we arrive at the dispersion
relation (60). A typical representation of a mode propagating this lattice is
illustrated in Figure 5(b). In this medium, the wave oscillates perpendicular
to the supported boundary as well as parallel to it.

We note that the Wiener-Hopf equation derived in (51) contains infor-
mation about both of the above lattice half-plane problems. Hence, later
when investigating the behaviour of the solution for the problem of the lat-
tice undergoing failure, we expect this problem to retain some of the features
encountered here.

0.7 Admissible wavenumbers defining micro-level waves ap-
pearing during the fracture process

In what follows we determine the dynamics of the lattice during failure.
This can be extracted from (58) and (60) by considering the line ω = kv,
with v being the crack velocity, on the dispersion diagram. Intersections of
this line with the curves associated with ωj , j = 1, 2, then define admis-
sible wavenumbers (and frequencies) that are connected with the dynamic
response of the structure undergoing failure, in addition to the zero and
singular points of the function L in (55).

Below, we limit our attention to the case with the crack speed v 6= vg,
with

vg =
dω(k)

dk
(63)

being the group velocity of waves. Here ω(k) = ω1(k) or ω2(k) depending
on the intersection point with ω = kv. The quantity (63) represents the
velocity with which energy is carried by the waves in the structure.

0.7.1 Waves associated with the acoustic curve

The intersection points of the line ω = kv with the curve ω1 are k =
p1, p2, p3, . . . , p2g+1 (see Figure 6 for example). Here g ≥ 0 is an integer
dependent on the crack speed v. Figure 6 shows three examples of the line
ω = kv, with v = 0.17, 0.31 and 0.5, where g = 1, 0 and 0, respectively.
These wavenumbers define pairs of singular points k = ±p1, . . . ,±p2g+1 of
L(k, ikv). As can be seen from Figure 6, we have for

1. k = p1, p3, . . . , p2g+1 the group velocity vg < v,

2. k = p2, p4, . . . , p2g the group velocity vg > v.

16



As we see later, these points define simple zeros of the function Ω(k, ikv)−1
(see Section 0.7.5 later). Physically, these points also correspond to dy-
namic phenomena behind the crack front. In particular, the points k =
p1, p3, . . . , p2g+1 with vg < v, represent micro-oscillations radiated from the
crack front in its wake and the remaining wavenumbers can be associated
with waves supplied by a remote oscillating load that feeds energy from
behind the crack tip.

0 5 10 15
0

0.5

1

1.5

2

2.5

3

k

!

p1 p2 p3 q1 q2 q3

Figure 6: Dispersion curves. Functions ω1(k) (black curve) and ω2(k) (grey
curve) are shown as functions of the wavenumber k based on (58) and (60).
Accompanying the curves are straight lines defined by the equation ω = kv,
with v = 0.17, 0.31 and 0.5. Intersections of these lines with the dispersion
curves are indicated by dots. Red (blue) dots represent intersection points
where the group velocity, defined in (63), of the waves vg < v (vg > v).

In addition, we note the line ω = kv and ω1(k) also coincide at the origin.
There, the function Ω(k, ikv)−1 has a double root at k = 0 (see Section 0.7.6
below). This point can be associated with the action of a remote constant
load and the macro-level response of the medium.

0.7.2 Waves associated with the optical curve

Likewise, we can attribute similar descriptions to wavenumbers associated
with intersection points of the line ω = kv with the curve ω2. They describe
the zero points of the function L(k, ikv). Indeed, those points possess the
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wavenumbers k = q1, q2, q3, . . . , q2h+1, with h ≥ 0 being a non-negative
integer dependent on the crack speed. Figure 6 shows three examples of the
line ω = kv, with v = 0.17, 0.31 and 0.5, where h = 1, 1 and 0, respectively.
The pairs k = ±q1,±q2,±q3, . . . ,±q2h+1 are zeros of L(k, ikv). Consulting
Figure 6, we can conclude for the wavenumbers

1. k = q1, q3, . . . , q2h+1, we have vg < v

2. k = q2, q4, . . . , q2h, we have vg > v.

The physical meaning of the points k = q2, q4, . . . , q2h represent waves
that are transmitted ahead of the crack front and the remaining wavenum-
bers can be attributed to waves supplied by a the load situated ahead of the
front. These wavenumbers also define simple zeros Ω(k, ikv)− 1.

As shown in the analysis above (see Sections 0.3.2–0.5), the functions
we deal with depend on 0 + ikv instead of kv and this introduces a pertur-
bation to the zeros and singular points identified here. This affects of this
perturbation are discussed in the next section.

0.7.3 Perturbation of admissible wavenumbers

The transition from the transient regime to the steady state regime involves
the limit as the Laplace transform parameter s → +0 (see Section 0.3.2).
This results in the terms “0 + ikv” such as in (28)–(30) in the Fourier trans-
formed equations governing the response of the medium. In section 0.6, we
obtained the dispersion relations for the structure by solving equations of
the form

ζ(k, iω) = 0 , (64)

from which it was possible to determine the dependency of the radian fre-
quency ω on the wavenumber k so that this relation is satisfied. Let us
suppose for (64) we can identify a such a function called, say, ω = ω0(k).

As we have seen, for the problem involving a crack, we use the relation
ω = kv, with v being the crack velocity. Together the knowledge of ω0(k)
we can determine the values of k for which the next relation

ζ(k, ikv) = 0 , (65)

is also valid. These values correspond to when kv = ω0(k).
However, in the development of the Fourier transformed equations gov-

erning the system, we encounter functions such as ζ(k, 0 + ikv), where the
second argument is perturbed with the addition of a small real part. This
results from taking the Laplace transform of the governing equations and
then a limit allowing us to transition to the steady state regime. Naturally,
the under this perturbation the k values satisfying (65) are perturbed to new

18



values, say, kδ = k+δk, where δk depends on the small real part introduced.
The new k values then satisfy

ζ(kδ, 0 + ikδv) = 0 . (66)

In what follows, we identify how the roots of (65) move in the complex
plane under this perturbation (this question is illustrated in Figure 7). The
associated results are important in determining properties of the solution
when solving the Wiener-Hopf problem (see (54)).

Re[k]

Im[k]

0 Re[k]

Im[k]

0

?
⇣(k, ikv) = 0 ⇣(k, 0 + ikv) = 0

Figure 7: Perturbation of the roots of ζ(k, ikv). An important question
considered in Section 0.7.3 is how the roots of this function (represented
by the dots in diagrams above) relocate in the complex plane for k when
considering the equation ζ(k, 0 + ikv) = 0.

0.7.4 Asymptotic analysis of the perturbation

First we note that (64) can be interpreted as the zero level curve for the
function ζ(k, iω), and the path traced by this curve is parameterised by the
coordinates (k, ω) = (k, ω0(k)). As a result, one can develop a series of
relations by differentiating (64) with respect to k along this path as follows:

0 = ζ(k, iω0(k)) , (67)

0 =
∂ζ

∂k
(k, iω0(k)) + i

dω0(k)

dk

∂ζ

∂z
(k, z)

∣∣∣
z=iω0(k)

=
∂ζ

∂k
(k, iω0(k)) + ivg(k)

∂ζ

∂z
(k, z)

∣∣∣
z=iω0(k)

, (68)

0 =
∂2ζ

∂k2
(k, iω0(k)) + 2ivg(k)

∂2ζ

∂k∂z
(k, z)

∣∣∣
z=iω0(k)

+i
dvg
dk

(k)
∂ζ

∂z
(k, z)

∣∣∣
z=iω0(k)

− (vg(k))2∂
2ζ

∂z2
(k, z)

∣∣∣
z=iω0(k)

, (69)

. . .
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where we have repeatedly used the chain rule and the definition of the group
velocity in (63).

Next, let the perturbed value of the second argument in the left-hand
side of (66) have the form s+ikδv, with 0 < s� 1, and we recall kδ = k+δk
with δk being is a small quantity depending on s. Thus, in this configuration,
(66) can be updated to

ζ(kδ, s+ ivδk + ikv) = 0 . (70)

Our goal is to determine the asymptotic dependency of δk on s in several
relevant examples. We begin with using Taylor’s expansion about (k, ikv)
in the left-hand side of the above relation so that we obtain:

0 =
∂ζ

∂k
(k, ikv)(kδ − k) +

∂ζ

∂z
(k, z)

∣∣∣
z=ikv

(s+ ivδk)

+
1

2

∂2ζ

∂k2
(k, ikv)(k − kδ)2 +

1

2

∂2ζ

∂z2
(k, z)

∣∣∣
z=ikv

(s+ ivδk)2

+
∂2ζ

∂z∂k
(k, z)

∣∣∣
z=ikv

δk(s+ ivδk) + . . . . (71)

Here, we note the zeroth order term in the right-hand side is taken as zero
owing to (65).

0.7.5 Perturbation of wavenumbers defining micro-oscillations

In going forward, we first assume there is a wavenumber satisfying (67) and

v 6= vg,
∂ζ

∂z
(k, z)

∣∣∣
z=ikv

6= 0 , (72)

corresponding to a first order zero of (70) (see (71)).
For now, let us concentrate on the first order terms of the expansion

(71), so that we have

0 =
∂ζ

∂k
(k, ikv)δk +

∂ζ

∂z
(k, z)

∣∣∣
z=ikv

(s+ ivδk) + . . . . (73)

Combining (73) with (68) and the additional fact ω = ω0(k) = kv allows us
to write

0 =
∂ζ

∂z
(k, z)

∣∣∣
z=ikv

(s+ i(v − vg)δk) + . . . . (74)

As the partial derivatives of ζ are not necessarily small, to leading order we
deduce that the perturbation δk must satisfy

δk ∼ is

v − vg
, (75)

and to leading order the dependency of δk on s is linear. This relation can
be used to determine the location of zeros of (65) after the introduction of
the perturbation parameter s to the second argument in the left-hand side.
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Indeed, (75) implies those wavenumbers satisfying (65), with v > vg are
relocated to the upper-half of the complex plane and possess a small positive
imaginary part. In addition, those points with v < vg are relocated to the
lower half of the complex plane and possess a small negative imaginary part.
We note that (75) is also valid for the case vg = 0 which can be derived in
a similar way.

The analysis presented here relevant to the study of phenomena asso-
ciated with the non-zero wavenumbers identified in Section 0.7 that are
associated with micro-oscillations in lattice undergoing failure, as we will
see below.

0.7.6 Perturbation of the wavenumber corresponding to macro-
level response of the lattice

Finally, let us consider another case related to the considered lattice prob-
lem. We now assume that there is a wavenumber k such that (67) is satisfied,
in addition to

v < vg ,
∂2ζ

∂k2
(k, ikv) 6= 0

∂2ζ

∂z2
(k, z)

∣∣∣
z=ikv

6= 0 (76)

and
∂ζ

∂k
(k, ikv) =

∂ζ

∂z
(k, z)

∣∣∣
z=ikv

=
∂2ζ

∂k∂z
(k, z)

∣∣∣
z=ikv

= 0 . (77)

These assumptions correspond to a particular double root. In particular,
the analysis here is relevant to the behaviour of the zero wavenumber linked
to the macro-level response of the medium, which we discuss later. Then,
using this with ω = kv, we see (71) reduces to the asymptote

0 =
∂2ζ

∂k2
(k, ikv)(δk)2 +

∂2ζ

∂z2
(k, z)

∣∣∣
z=ikv

(s+ ivδk)2 + . . . (78)

and (69) gives the relation

∂2ζ

∂k2
(k, ikv) = (vg(k))2∂

2ζ

∂z2
(k, z)

∣∣∣
z=ikv

. (79)

By combining these formulae we obtain the asymptote

0 =
∂2ζ

∂z2
(k, z)

∣∣∣
z=ikv

[s2 + 2isvδk + (v2
g − v2)(δk)2] + . . . (80)

Thus in this case, as an approximation for δk we have

δk ∼
−ivs±

√
−s2v2 − s2(v2

g − v2)

v2
g − v2

(81)
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so we obtain

δk ∼ is

v + vg
and δk ∼ is

v − vg
. (82)

Once again the dependency of δk on s is linear. The result tells us that
the double root splits in two when the perturbation in the frequency is
introduced, with one root moving to the upper half of the complex plane
and the other to the lower half of the complex plane.

0.8 Characterisation of the zeros and singular points of ker-
nel function of the Wiener-Hopf equation

Based on the information of Sections 0.6–0.7.3, we now characterise the
wavenumbers corresponding to the singular and zero points of L(k, 0 + ikv)
in (55).

0.8.1 Singular points of L(k, 0 + ikv)

We note that the singular points of L(k, 0 + ikv) correspond to zeros of the
relation

ζ(k, 0 + ikv) := Ω(k, 0 + ikv)− 1 = 0 . (83)

Note that the function ζ(k, ikv) satisfies the relations (72) for the points
k = p1, p2, p3, . . . , p2g+1 (see Section 0.7). Thus according to Section 0.7.5,
the roots of (83) are k = ±p1 + i0,±p3 + i0, . . . ,±p2g+1 + i0 and k = ±p2 −
i0,±p4 − i0, . . . ,±p2g − i0, where a small imaginary part has been added
that depends on how the group velocity at these points compares with the
crack velocity.

In connection with these zeros, and in accordance with the results of
Section 0.7.5, the function Ω in (34) has the asymptotes

Ω(k, 0+ikv) = 1+
dΩ

dk
(k, ikv)

∣∣∣
k=±p2j+1

(k∓p2j+1−i0)+O((k∓p2j+1)2) (84)

for k =→ ±p2j+1 and

Ω(k, 0 + ikv) = 1 +
dΩ

dk
(k, ikv)

∣∣∣
k=±p2j

(k ∓ p2j + i0) +O((k ∓ p2j)
2) (85)

for k =→ ±p2j , j = 0, . . . , g.
The remaining singular point of L(k, 0 + ikv) to consider is connected

with the double root of ζ(k, ikv) at k = 0. In this case the function ζ(k, ikv)
satisfies the conditions (76) and (77) at k = 0. Thus, following Section 0.7.6,
we can write the asymptote

Ω(k, 0 + ikv)− 1 =
1

2

d2Ω

dk2
(k, ikv)

∣∣∣
k=0

(k − i0)(k + i0) +O(k3)

= (1− v2)(k − i0)(k + i0) +O(k3) , (86)
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Figure 8: Perturbation of the roots of Ω(k, ikv)− 1 and Ω(k, ikv) + 1 when
considering the functions Ω(k, 0+ikv)−1 and Ω(k, 0+ikv)+1. The example
shown is connected with the the case v = 0.17 in Figure 6.

23



for k → 0.
An example of how the zeros of ζ(k, ikv) in (83) are perturbed when

replacing ikv with 0 + ikv is illustrated in Figure 8 for the case v = 0.17 in
Figure 6.

0.8.2 Zero points of L(k, 0 + ikv)

In a similar way to as above, by considering the equation

ζ(k, 0 + ikv) := Ω(k, 0 + ikv) + 1 = 0 , (87)

it can be concluded from Section 0.7.5, that the function L(k, 0 + ikv) has
the zeros at k = ±q1 + i0,±q3 + i0, . . . ,±q2h+1 + i0 and k = ±q2− i0,±q4−
i0, . . . ,±q2h + i0. Moreover, near these points, the function Ω in (34) has
the asymptotes

Ω(k, 0+ikv) = −1+
dΩ

dk
(k, ikv)

∣∣∣
k=±q2j+1

(k∓q2j+1−i0)+O((k∓q2j+1)2) (88)

for k =→ ±q2j+1 and

Ω(k, 0 + ikv) = −1 +
dΩ

dk
(k, ikv)

∣∣∣
k=±q2j

(k ∓ q2j + i0) +O((k ∓ q2j)
2) (89)

for k =→ ±q2j , j = 0, . . . , h.
An example of how the zeros of ζ(k, ikv) defined in (87) are perturbed

when replacing ikv with 0+ikv is illustrated in Figure 8 for the case v = 0.17
in Figure 6.

0.9 Asymptotes for λ governing the decay of the solution in
the lattice

The asymptotes (84) and (85), together with (36) imply that λ has the
asymptotic representation

λ(k, 0 + ikv) ∼
√

2−
√

Ω(k, 0 + ikv)− 1√
2 +

√
Ω(k, 0 + ikv)− 1

∼ 1−
√

2
√

Ω(ξ, 0 + iξv)− 1 +O(k − ξ) (90)

in the vicinity of the points k = ±i0,±p1 +i0, p2−i0, . . . ,±p2g+1 +i0. Owing
to this, for k in the vicinity of these zero points of L(k, 0 + ikv), we note λ
in (36) has the asymptote

λ(k, 0 + ikv) ∼ −i
√

2 +
√

Ω(k, 0 + ikv) + 1

i
√

2 +
√

Ω(k, 0 + ikv) + 1

∼ −1− i
√

2
√

Ω(ξ, 0 + iξv) + 1 +O(k − ξ) (91)

where ξ = ±q1 + i0,±q2 − i0,±q3 + i0, . . . ,±q2h+1 + i0.
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0.10 Properties of the kernel function L and its factorisation

One can check that the kernel function L in (55) possesses the properties:

Re(L(k, 0 + ikv)) = Re(L(−k, 0− ikv)) (92)

Im(L(k, 0 + ikv)) = −Im(L(−k, 0− ikv)) (93)

i.e. its real part and imaginary parts are even and odd functions of k ∈ R,
respectively. At infinity, this function also has the asymptote

L(k, 0 + ikv) = 1 +O

(
1

k2

)
for k →∞ . (94)

Additionally,

Ind[L(k, 0 + ikv)] = 0 , (95)

that is, the index or winding number of L(k, 0 + ikv) is zero. In fact, it fol-
lows from (55), (47), (48) and that |λ| < 1, that for k > 0 the argument
of L is negative, whereas for k < 0 it is positive. Indeed, a brief argument
leading to this uses the definition of the index:

Ind(f(k)) =
1

2π
[ lim
k→∞

Arg[f(k)]− lim
k→−∞

Arg[f(k)]]

and the standard property of the continuous argument:

Arg[f1(k)f2(k)] = Arg[f1(k)] + Arg[f2(k)] .

They imply with (55) and (95) that

Ind[L(k, 0 + ikv)] = Ind[1 + λ(k, 0 + ikv)]− Ind[1− λ(k, 0 + ikv)] .

where it remains to determine the indexes on the right-hand side. Recall
that |λ(k, 0 + ikv)| < 1, and λ satisfies inequalities (47), (48). As a result,
when k runs from the −∞ to ∞, both 1 +λ(k, 0 + ikv) and 1−λ(k, 0 + ikv)
trace paths contained inside a unit circle with centre (1, 0) in the complex
plane. Thus, as these paths do not loop around the origin, the index of these
functions are both zero and we derive (95).

An illustration of the behaviour of L(k, 0 + ikv) is shown in Figure 9,
that shows a contour defined in the right half-plane of the complex plane
that does not wind around the origin.

Near the zero wavenumber, L(k, 0 + ikv) has the asymptote

L(k, 0 + ikv) ∼ 2√
(1− v2)

√
(0 + ik)(0− ik)

, for k → 0 (96)

that follows from (34), (36), (86), (90) and (55).
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Figure 9: Path determined by the coordinates (Re[L(k, s+ikv)], Im[L(k, s+
ikv]) as a function k ∈ [−30, 30], with s = 0.05 and v = 0.31. It is noted
that the trajectory traced does not loop around the origin and is contained
in the half-plane defined by Re[L(k, s+ ikv)] > 0.

From (36), (55), (84), (85) and (90) we can also conclude that the asymp-
totes of the kernel function L(k, 0+ikv) near its singular points are as follows:

L(k, 0 + ikv) ∼ Const√
0 + i(k ∓ p2j+1)

, for k → ±p2j+1 (97)

and

L(k, 0 + ikv) ∼ Const√
0− i(k ∓ p2j)

, for k → ±p2j (98)

for 0 ≤ j ≤ g.
Finally, owing to (88), (89) and (91), the asymptotic behaviour near its

zero points are

L(k, 0 + ikv) ∼ Const
√

0 + i(k ∓ q2j+1) , for k → ±q2j+1 (99)

and

L(k, 0 + ikv) ∼ Const
√

0− i(k ∓ q2j) , for k → ±q2j (100)

for 0 ≤ j ≤ h.

0.10.1 Factorisation of L(k, 0 + ikv)

Properties (92)–(95) allow us to use the Cauchy integral to write the function
L(k, 0 + ikv) as a product of a function analytic in the upper half of the
complex plane defined by the wave number k and a function that is analytic
in the lower half of this complex plane:

L(k, 0 + ikv) = L+(k)L−(k) , (101)

L±(k) = exp

(
± 1

2πi

∫ ∞
−∞

lnL(ξ, 0 + iξv)

ξ − k dξ

)
, ±Im k > 0 .(102)
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Here, the function L− is analytic in the lower half plane and in the upper
half plane it has branch points corresponding to zero and singular points of
L(k, 0 + ikv) residing in this domain. We conclude from (97) and (99) that
L− has the asymptotes:

L−(k) ∼ Const√
0 + i(k ∓ p2j+1)

, for k → ±p2j+1 (103)

and

L−(k) ∼ Const
√

0 + i(k ∓ q2j+1) , for k → ±q2j+1 . (104)

In addition, the function L+ is analytic in the upper half of the complex
plane associated with k and in the lower half plane, following from (98) and
(100), has the asymptotes:

L+(k) ∼ Const√
0− i(k ∓ p2j)

, for k → ±p2j (105)

and

L+(k) ∼ Const
√

0− i(k ∓ q2j) , for k → ±q2j . (106)

Owing to (94) and (102) one can obtain an asymptote of L± for k →∞:

L±(k) = 1± i

2πk

∫ ∞
−∞

lnL(ξ, 0 + iξv)dξ +O

(
1

k2

)
. (107)

Finally, we consider the behaviour of L± in the vicinity of k = 0. Due to
(96) we are able to determine the asymptote for L+ near k = 0 as:

L+(k) ∼
√

2R

(1− v2)1/4
√

0− ik
, for k → 0 (108)

whereas for L− it is:

L−(k) ∼
√

2

(1− v2)1/4R
√

0 + ik
, for k → 0 (109)

Here,

R = exp

(
1

π

∫ ∞
0

Arg[L(ξ, 0 + iξv)]

ξ
dξ

)
. (110)

0.11 Solution of the Wiener-Hopf equation

We return to (54) and insert (101) to obtain

L+(k)U+
0 (k) +

1

L−(k)
U−0 (k) = Ψ(k) , (111)
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with

Ψ(k) =
Q(k)

L−(k)G1(k, 0 + ikv)
=

1

2

(
L+(k)− 1

L−(k)

)
Q(k) , (112)

where in the last equality, we used factorisation of L(k, 0 + ikv) and the
combination of (52) and (55) that gives

G1(k, 0 + ikv) =
2

L(k, 0 + ikv)− 1
. (113)

Here, the left-hand side of (111) is written as the sum of a function ana-
lytic in the upper half of the complex plane associated with k (functions
labelled with “+”) and a term analytic in the lower half of this complex
plane (functions marked with “−”).

However, such a representation is not present in the right-hand side. and
we seek the a similar split for the term Ψ(k) present there. Next we focus on
the remaining step needed to solve the problem: to choose for the loading
of the structure.

0.11.1 Choice of the load

Note that if Ψ(k) is zero in (112), then the solution to this Wiener-Hopf is
the trivial solution.

If the function Ψ(k) is non-zero one can use the standard method involv-
ing the Cauchy integral to perform the split of the right-hand side.

Here, we will solve (112) by identifying a choice of Ψ(k) that corresponds
to the condition

Q(η) = lim
t→∞

Q(η, t) = 0 (114)

and with energy supplied to the system from infinity. The condition (114)
is connected with a structure that is unforced in the steady state regime.
This choice of the load, as we will see, produces a non-zero right-hand side
in (112) with the desired split.

To this end, let us introduce the finite load Q(η, t) as

Q(η, t) = B

√
2

t+ η
H(t+ η − ε)H(−η) , (115)

with B being a constant and ε a small positive parameter that allows us to
avoid the singular point at t = −η. This load acts behind the propagating
crack tip and its support is contained in the interval −t − ε ≤ η ≤ 0. This
load is shown in Figure 10. In particular, this load slowly decreases with
increase of t and undergoes a sharp change in the vicinity of η = −t+ ε.

Note this choice satisfies the condition (114). The Laplace transform of
this function yields

QL(η, s) = B

√
2π

s
esηerfc(

√
sε)H(−η) (116)
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Figure 10: The load Q(η, t), in (114), as a function of η for (a) t = 1, 2 and
3 and (c) t = 105. In each computation ε = 10−5.

and
Q(η) = lim

s→+0
sQL(η, s) = 0 , (117)

where the latter limit is consistent with (114). The Fourier transform with
respect to η of (116) gives

QLF(s, k) =

√
2π

s
erfc(
√
sε)

B

s+ ik

∼
√

2π

s

B

s+ ik
. (118)

where the smallness of ε allows us to write the preceding asymptote. Note
that Ψ(k) is defined as follows

Ψ(k) = lim
s→+0

ψ(k, s) , with ψ(k, s) =
s

2

(
L+(k)− 1

L−(k)

)
QLF(k, s)

(119)
In the vicinity of k = 0, using (108) one can write the asymptote of ψ(k) as

ψ(k, s) ∼ Const

√
2s

(s+ ik)
√
s− ik

, k → 0 . (120)

Here, we note ∫ ∞
−∞

√
2s

(s+ ik)
√
s− ik

dk = 2π .

(see [8, Chapter 2, Section 2.2.4]). Thus, in the distributional sense, we can
interpret the limit (119) in the form

Ψ(k) = 2πC0δ(k) , (121)
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where C0 is a constant to be determined. Using the formula

δ(k) = lim
s→+0

1

2π

[
1

s+ ik
+

1

s− ik

]
. (122)

we therefore represent Ψ(k) as

Ψ(k) = C0

[
1

0− ik
+

1

0 + ik

]
. (123)

Inserting (123) into (111) yields:

L+(k)U+
0 (k)− C0

0− ik
=

C0

0 + ik
− 1

L−(k)
U−0 (k) . (124)

Here, the left- and right-hand sides are equal for k ∈ R, say, to a function
J(k). Owing to the analyticity properties of the functions in the above left-
and right-hand sides, we can construct J(k) as an entire function, analytic
over the complex plane defined by k except possibly at infinity. We can
show that both functions go to zero at infinity in their respective half-planes
of analyticity. Thus, by Liouville’s theorem, we conclude that J(k) ≡ 0.
Therefore, we can write the solution to the above equation as

U+
0 (k) = C0

1

L+(k)

1

0− ik
, (125)

and

U−0 (k) = C0
L−(k)

0 + ik
. (126)

0.11.2 Satisfying the fracture criterion

Under the assumption (27), concerning the form of the steady state solution
to the problem, the conditions (8) in the steady state regime are written as

|u0(0)| = εc
2

and |u0(η)| < εc
2
, for η > 0 . (127)

One can also obtain the value of u0 at η = 0 by using the solutions (125)
and (126) to the Wiener-Hopf equation and employing the limits

u0(−0) = lim
k→−i∞

ik U−0 (k) , u0(+0) = lim
k→i∞

(−ik)U+
0 (k) (128)

From (107), we can derive that

u0(−0) = u0(+0) = C0 . (129)
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Thus as expected the lattice displacement is continuous at η = 0. Moreover,
with the first condition of (127), we see

C0 =
εc
2
. (130)

Thus we can update the solutions (125) and (126) to

U+
0 (k) =

εc
2L+(k)

1

0− ik
, (131)

and

U−0 (k) =
εc
2

L−(k)

0 + ik
. (132)

Therefore, it follows from (26) that for n = 0 the Fourier transform of the
displacements are

U0(k) = U+
0 (k) + U−0 (k) =

εc
2

{
1

L+(k)

1

0− ik
+
L−(k)

0 + ik

}
. (133)

0.12 Characteristics of the solution along n = 0

Here, we discuss some features of the solution to the problem along n = 0
associated with the admissible wavenumbers identified in Section 0.7. In
particular, we show for η → −∞ the solution admits the form

u0(η) ∼M(η) +

g∑
j=0

R(j)(η) (134)

where M(η) is associated with the macro-level response of the lattice be-
hind the crack and R(j)(η), 0 ≤ j ≤ g, are terms connected with the micro-
oscillations occurring in the lattice radiated behind the crack front. Ad-
ditionally, ahead of the crack front we show the solution has the following
asymptote for η →∞

u0(η) ∼ D(η) +

h∑
j=1

T (j)(η) , (135)

where D(η) governs the macro-level behaviour ahead of the crack tip and
T (j), 1 ≤ j ≤ h, are terms attributed to oscillations transmitted ahead of
the crack front. If h = 0 in the above sum, only the term D(η) is present in
this asymptote.

Near to the point η = 0 in the lattice, we have more local phenomena
combined with the behaviour associated with the phenomena identified in
the far-field. In the vicinity of this point, the response can be computed
from (133).
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0.12.1 Wave phenomena ahead of the crack

To obtain information about the dynamic behaviour ahead of the crack tip,
we need to obtain the asymptotes of the function U0(k) in (133) near the
branch points at k = ±q2j− i0, 1 ≤ j ≤ h. These points define the functions
T (j), 1 ≤ j ≤ h. Owing to (106), in the vicinity of these points we have to
leading order that the right-hand side of (133) is

± iεc

2q2jL∗+(±q2j)
√

0− i(k ∓ q2j)
, for k → ±q2j , (136)

where

L∗+(ξ) = lim
k→ξ

L+(k)√
0− i(k − ξ)

with L∗+(ξ) = L∗+(−ξ) .(137)

Then together with the result∫ ∞
0

eikη

√
η
dη =

√
π√

0− ik
(138)

we have that

T (j)(η) ∼ iεc
2q2jL∗+(q2j)

√
πη
e−iq2jη − iεc

2q2jL∗+(−q2j)
√
πη
eiq2jη

=
εc

2q2j
√
πη

Re
{ ie−iq2jη

L∗+(q2j)

}
, (139)

for 1 ≤ j ≤ h. This shows that waves are transmitted ahead of the crack
front with a slowly decaying amplitude.

0.12.2 Microlevel waves radiated behind the crack tip

Waves radiated behind the crack tip are obtained by considering the singular
points k = p2j+1, j = 1, . . . , g of (133). In the vicinity of such points, using
(103), the leading order behaviour of the right-hand side of (133) is

∓ iεcL
∗
−(±p2j+1)

2p2j+1

√
0 + i(k ∓ p2j+1)

, for k → ±p2j+1 (140)

with
L∗−(ξ) = lim

k→ξ
L−(k)

√
0 + i(k − ξ) . (141)

and again here
L∗−(ξ) = L∗−(−ξ) (142)

Thus, using ∫ 0

−∞

eikη

√−ηdη =

√
π√

0 + ik
(143)
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we obtain the waves radiated behind the crack tip are

R(j)(η) ∼ 1√−πη
{
− iεcL

∗
−(p2j+1)

2p2j+1
e−ip2j+1η +

iεcL
∗
−(−p2j+1)

2p2j+1
eip2j+1η

}
= − εc

2p2j+1
√−πηRe

{
iL∗−(p2j+1)e−ip2j+1η

}
(144)

for 1 ≤ j ≤ g. Therefore, the waves radiated behind the crack tip also have
a slowly decaying amplitude.

0.12.3 Macro-level phenomena along the crack line

The far-field lattice behaviour, i.e. at infinity in the lattice is obtained by
considering the behaviour of the solution (133) near k = 0. With (108) we
obtain an asymptote for (132) as follows

U−0 (k) ∼ εc
2

( 4

1− v2

)1/4 R

(0 + ik)3/2
as k → +i0 . (145)

Here the right-hand side defines the macro-level behaviour of the solution
characterised by M(η) found in (134). It then follows from∫ 0

−∞
(−η)peikηdη =

Γ(p+ 1)

(0 + ik)p+1
, p 6= −1,−2, . . . . (146)

that

M(η) =
εc
2

( 4

1− v2

)1/4
R
√−πη . (147)

In a similar way, from (109) and (131) we obtain

U+
0 (k) ∼ εc

2

(1− v2

4

)1/4 R

(0− ik)1/2
for k → −i0 . (148)

and the preceding right-hand side defines the function D(η), governing the
macro-level behaviour ahead of the crack. Through the inverse Fourier trans-
form and the use of (138) we can obtain from this that

D(η) =
εc
2

(1− v2

4

)1/4 R√
πη

. (149)

The behaviour of the functions M(η) and D(η) determined here coincide
with the classical results for the near tip fields of a Mode III crack propa-
gating in a continuous solid.
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0.13 Displacement field in the lattice

We combine (26), (38), (131) and (132) to obtain the Fourier transform of
the solution to the problem for n ≥ 0 as

Un(k) = [λ(k, 0 + ikv)]nU0(k)

= [λ(k, 0 + ikv)]n{U+
0 (k) + U−0 (k)}

=
εc
2

[λ(k, 0 + ikv)]n
{

1

L+(k)

1

0− ik
+
L−(k)

0 + ik

}
. (150)

Thus lattice displacements in the steady-state limit defined by

un(η) = lim
t→∞

un(η, t), m ∈ R, n ≥ 0 , (151)

can be found from the inverse Fourier transform of (21) as follows:

un(η) =
1

2π

∫ ∞
−∞
Un(k)e−iηkdk

=
εc
4π

∫ ∞
−∞

[λ(k, 0 + ikv)]n
{

1

L+(k)

1

0− ik
+
L−(k)

0 + ik

}
e−iηkdk .

(152)

0.14 Strain energy release rates for a propagating crack in a
lattice and a continuum

The strain energy release rate is an important quantity in fracture mechanics
that is used to characterise a material’s properties as it undergoes fracture or
fatigue. It represents the potential energy released by the elastic medium per
unit area of the crack advancement. It also connected the energy required
to advance the crack, creating a new surface within the medium.

Here we derive an energetic relation that compares (i) the energy release
rate G0 for a crack propagating through a lattice and (ii) the corresponding
quantity G arising from the problem of a crack propagating in the analogous
continuous medium. Here G, for a Mode III crack propagating through a
continuous material, can be computed with following convolution

G = lim
τ→0

1

2τ

∫ τ

0
σ(x1) · [u](x1 − τ)dx1 ,

(see [8, Section 1.2.2] for the derivation). In this formula, σ is the stress
ahead of the crack tip and [u] is the displacement jump, which is computed
behind the crack tip located at x1 = 0 in the integrand. Following [?], this
is also written as

G =
1

2
lim
k→∞

k2σF (ik)[u]F (−ik) . (153)
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For the lattice problem, the energy required to advance the crack a single
unit of length is equivalent to the energy required to break the crack front
bond. In the lattice, we have the crack opening [u] at η < 0 is given by

[u] = (u0(η)− u−1(η))H(−η) = 2u0(η)H(−η) (154)

whereas the stress σ in the links for η > 0 can be computed as

σ = (u0(η)− u−1(η))H(η) = 2u0(η)H(η) (155)

Note in the last formula, the stiffness of the springs that would usually
multiply the elongation is unity due to the adopted normalisation. Taking
the Fourier transforms of (154) and (155) gives

[u]F = 2U−0 (k) and σF = 2U+
0 (k) . (156)

Then an analogous formula to (153) can be derived for the lattice Mode III
crack propagation problem as follows

G = 2 lim
k→0

k2U+
0 (ik)U−0 (−ik) . (157)

Here, recall that the limit for k → 0 in the lattice corresponds to infinity in
the physical coordinates, which coincides with the model for the Mode III
dynamic crack in the continuous solid. Referring to the asymptotes (148)
and (145), the later gives

G =
1

2
ε2
cR
−2 ,

where R is given in (110).
Note that if the crack advances a single lattice unit through the breakage

of a crack front bond, the non-dimensional strain energy release rate is

G0 =
1

2
(u0(0)− u−1(0))2 =

1

2
ε2
c . (158)

Thus, the ratio of G0, representing the energy release rate associated with
breaking the lattice connection at the crack front, and global energy re-
lease rate G (the change in the bulk energy in the continuous body with an
advancing crack) is:

G0

G
= R2. (159)

This ratio is computed for 0 < v < 1 in Figure 11. This ratio is always less
than one and some of its more notable features include:

• The ratio is finite for v → 0 and this represents the static limit, where the
behaviour of the lattice with a static fault is considered.
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Figure 11: Energy release rate ratio as a function of the crack speed v.
Crosses indicate the cases considered in Figure 6. The thick black curve
represents the region where the solution is admissible.

• The ratio goes to zero at v → 1. As the energy release rate is finite
for the fault advancing in the lattice, we conclude that G → ∞ in this
limit. The result implies that in the continuous model of a Mode III crack
propagating in a solid, an infinite amount of energy must be supplied to
the crack tip to sustain its propagation at this speed (v = 1). This also
represents the limit of applicability of the continuous formulation of the
problem.

• There exists a region for low crack speeds where the ratio G0/G behaves
non-monotonically (see the interval at approximately 0 < v ≤ 0.24). On
the other hand, for approximately v > 0.45 the ratio is monotonically
decreasing for v → 1.

In particular, the quantity 1−G0/G represents the energy released from the
propagating fault as waves are radiated into the lattice. Such waveforms
were identified in Sections 0.12.1 and 0.12.2. These processes are purely a
feature of the lattice model and cannot be found in the continuum analog
of the considered problem.

0.15 Admissibility of the lattice solution

Here, we give illustrative examples that show the behaviour of the solution
for various crack speeds. In particular, the analysis presented above does
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not take into account the condition Marder-Gross condition of (2). This
condition should be used to investigate if the solution corresponds physically
to a propagation regime that can occur steadily in the structure and does
not lead to non-steady fracture modes, which possess high displacements
ahead of the crack front that may also lead to the appearance of voids.

We define the function

φ(η) = |u0(η)− u−1(η)| ,

that defines the crack opening behind the crack front and can be linked to
the stress in the transverse links ahead of the crack front. For each crack
speed one should compute the preceding quantity by also evaluating the
solution using the inverse Fourier transform of (133). For the examples
v = 0.17, 0.31 and 0.5 the quantity φ/εc is shown in Figure 12. There, we
can see that:
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Figure 12: Plot of φ(η)/εc as a function of η for (a) v = 0.17, (b) v = 0.31
and (c) v = 0.5. Computations are based on the inverse Fourier transform
of (133). Here the only admissible solution presented is in (c).
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• The solution is equal to unity at η = 0 that is consistent with the condition
of (1).

• Behind the crack front the crack opening grows like O(
√−η). This is

consistent with features identified in the continuum (or macro-level) model
for a Mode III crack propagating in a solid (see Section 0.12.3). There are
also waves with decreasing amplitude (like O(−η−1/2)) radiated behind
the crack tip (see Section 0.12.2).

• The displacements along the profile ahead of the crack tip decrease like
O(η−1/2) (see Section 0.12.3).

• For some speeds, waves are transmitted ahead of the crack tip having a
decreasing amplitude (see Section 0.12.1).

In Figure 12(a) and (b), the solution is not admissible as there exists a region
ahead of the crack tip and in the vicinity of η = 0 where the Marder-Gross
condition (2) is violated. Such a solution implies that for those given speeds
the crack would propagate non-steadily. On the other hand, the solution in
Figure 12(c) is admissible.

In view of this, one can check the validity of the solution for each speed
and determine an interval or intervals where the solution is admissible. For
this problem, this has been identified and can be found in Figure 11, and is
indicated by the block solid curve for 0.37 ≤ v < 1.

An example of an admissible solution is shown in Figure 13. Here, we
have numerically performed the inverse Fourier transform of (152) to com-
pute the solution in the lattice for −20 ≤ n ≤ 20 and −20 ≤ η ≤ 20. Figure
13(a) shows clearly square root growth of the displacements occurs in the
lattice behind the crack tip as the crack opens. Micro-oscillations can also
be seen behind the crack tip. One can also analyse the behaviour of strains
in the lattice by considering the transverse strains

εyz =
1

2
(un+1(η)− un(η)) (160)

and the longitudinal strains

εxz =
1

2
(un(η + 1)− un(η)) . (161)

Plots of the quantities in (160) and (161) are shown in Figure 13(b) and (c),
respectively. They can help in revealing interesting features of the medium
undergoing fracture, which include preferential directions of some oscilla-
tions in the lattice. They include waves propagating at approximately 30◦

relative to the crack behind the crack front (see Figure 13(b)) and phenom-
ena that propagates perpendicular to crack (see Figure 13(c)). In fact these

38



phenomena are associated with the micro-oscillations occurring in the lattice
and are not present in the models of continua undergoing failure.

In particular, Figure 13(b) shows high strains in the transverse links
in a region ahead and in the vicinity of the crack tip. Figure 13(c) shows
the links parallel and close to the crack boundary can also experience high
strains. If one begins to consider the structural integrity of links outside
the crack path, then such deformations can lead crack instabilities such as
branching of the crack or the redirection of the crack depending on the
fracture criterion adopted for these links.
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n

(a)

(b) (c)

Figure 13: Response of lattice containing a crack propagating with speed
v = 1. (a) The normalised lattice displacements un(η)/εc as a function of η
and n. The normalised strains (b) εyz/εc and (c) εxz/εc in the lattice. The
computations are based on (152), (160) and (161).

0.16 Appendix: Long wavelength limit of the lattice model

Here, we show in the long wavelength limit the homogeneous lattice whose
nodes obey equations (4) lead to (9) and (10).
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We introduce a parameter L� a that describes the typical wavelength of
vibration in the medium. Below, we use the small dimensionless parameter

ε =
a

L
� 1 ,

and introduce the dimensionless quantities

t̄ =

√
c

M
εt , ū(x̄1, x̄2, t̄) =

um,n(t)

L

with
x̄1 =

x1

L
= εm , x̄2 =

x2

L
= εn .

Here the normalisation for time t corresponds to the case where we consider
slowly varying waves with respect to time. With these conversions we can
rewrite (4) as

ε2 ¨̄u(x̄1, x̄2, t̄) = ū(x̄1 + ε, x̄2, t̄) + ū(x̄1 − ε, x̄2, t̄)− 2ū(x̄1, x̄2, t̄)

ū(x̄1, x̄2 + ε, t̄) + ū(x̄1, x̄2 − ε, t̄)− 2ū(x̄1, x̄2, t̄) ,

where the dot here denotes differentiation with respect to the normalised
time t̄. Next we replace the terms on the right-hand side by spatial deriva-
tives. By Taylor’s expansion about the point (x̄1, x̄2)T, we can obtain the
results

ū(x̄1 ± ε, x̄2, t̄) = ū(x̄1, x̄2, t̄)± ε
∂ū

∂x̄1
(x̄1, x̄2, t̄) + ε2∂

2ū

∂x̄2
1

(x̄1, x̄2, t̄)

±ε3∂
3ū

∂x̄3
1

(x̄1, x̄2, t̄) +O(ε4) .

It follows that

ū(x̄1 + ε, x̄2, t̄) + ū(x̄1 − ε, x̄2, t̄)− 2ū(x̄1, x̄2, t̄)

= ε2∂
2ū

∂x̄2
1

(x̄1, x̄2, t̄) +O(ε4) ,

and, similarly, we can show

ū(x̄1, x̄2 + ε, t̄) + ū(x̄1, x̄2 − ε, t̄)− 2ū(x̄1, x̄2, t̄)

= ε2∂
2ū

∂x̄2
2

(x̄1, x̄2, t̄) +O(ε4) ,

and they combine with (162) to give

∂2ū

∂t̄2
(x̄1, x̄2, t̄) = ∆x̄ū(x̄1, x̄2, t̄) +O(ε2) , (162)

where we note the Laplacian is taken with respect to the normalised spatial
variables x̄1 and x̄2 We take the leading order terms here and after rescal-
ing back to dimensional variables and setting u(x1, x2, t) = Lū(x̄1, x̄2, t̄) we
obtain (9) and (10).
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