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Figure 5. Interfacial waveforms with preferential directionality in a hexagonal lattice connected to a system of gyroscopic
spinners. The lattice domain is divided into two regions: in the hexagonal region the spinners rotate (a,b) clockwise and (c,d)
anticlockwise, while the ambient medium contains spinners which rotate in the opposite direction to those situated inside the
hexagonal region. The absolute value of the spinner constant is |α| = 0.9 for all the gyroscopic spinners. At the interface, the
spinners rotate in the same direction as in the exterior domain. A time-harmonic displacement, represented by the straight
arrow, is applied to a node on the interface of these regions. The relative displacement amplitude fields are obtained for the
applied displacement of frequency (a,c)ω= 3.8 and (b,d)ω= 4.0 (see also inset in figure 2f ). The figures illustrate that the
preferential direction of the interfacial waveform can be influenced by interchanging the direction of rotation of the spinners
or by changing the frequency of the external excitation. (Online version in colour.)
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Figure 6. Another example showing the sensitivity of the preferential directionality of an interfacial waveform in a hexagonal
lattice on spinners, containing a subdomainwhere the spinners rotate in the opposite direction to those in the ambientmedium.
The radian frequency of the applied displacement is (a) ω= 3.8 and (b) ω= 4.0 (see also figure 2f ). As in the previous
simulations, the absolute value of the spinner constant is |α| = 0.9 throughout the domain. (Online version in colour.)
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Figure 1. (a) Hexagonal lattice connected to a uniform system of gyroscopic spinners, where u(n) and v(n) denote the
displacements of the two lattice particles of the elementary cell; (b) representation of a gyroscopic spinner, whereψ ,φ and θ
are the angles of spin, precession and nutation, respectively.

and

− mω2v(n) = c
3∑

j=1

[a(j) · (u(n+ej) − v(n))]a(j) + iαω2Rv(n), (2.1b)

where ω is the radian frequency, and the vectors e(1) = (1, 0)T, e(2) = (0, 1)T and e(3) = (0, 0)T are
used to specify the positions of the neighbouring particles. The unit vectors a(j) in (2.1) define the
directions of the lattice links (figure 1a):

a(1) =
(

−1
2

,
√

3
2

)T

, a(2) =
(

−1
2

, −
√

3
2

)T

and a(3) = (1, 0)T, (2.2)

while the matrix R is the rotation matrix

R =
(

0 1
−1 0

)

. (2.3)

The parameter α in (2.1) represents the spinner constant, which was obtained in [31] to satisfy the
compatibility of the moving spinner and vibrating time-harmonic lattice. In this framework,
the small nutation angle θ is time-harmonic and its radian frequency ω is equal to the radian
frequency of the vibrating lattice. The spinner constant α depends on the geometry of the
spinners [31], as shown in the derivation of this constant in the electronic supplementary material.

The quasi-periodicity of the system is described by the Bloch–Floquet conditions:

W(r + n1t(1) + n2t(2)) = W(r) eik·Tn, (2.4)

where W = (ux, uy, vx, vy)T is the displacement vector, r = (x, y)T is the position vector, k = (k1, k2)T

is the wavevector (or Bloch vector) and

T = (t(1), t(2)) = l

⎛

⎜⎜⎝

3
2

3
2

−
√

3
2

√
3

2

⎞

⎟⎟⎠ . (2.5)

By introducing (2.4) into (2.1), we obtain the following system of equations in matrix form:

[C − ω2(M − A)]W = 0, (2.6)
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Scientific Objective 

  
Currently, there is a vast amount of research activity taking place into the development of new materials 
having unconventional properties and the respective technologies have been opening new eras 
through various applications for society. This new generation of materials, or metamaterials, have led to 
interesting physical properties previously thought impossible such as invisiblity cloaking, negative 
refraction and materials that expand when stretched or contract when heated. Most of those properties 
are realised when vibrations propagate through a material, where the material produces a dynamic 
response. However, in these dynamic processes uncertainty remains as to whether these metamaterials 
undergo feasible deformations, remaining intact. Research into the latter is limited. Understanding this 
phenomenon is important in developing new metamaterials. Additionally it is crucial, for example, in 
larger structures such as multi-span bridges (see Fig. 1), pipelines and skyscrapers exposed to 
earthquakes and terrorist attacks, regularly faced in Europe and their effects can be catastrophic to 
human life. 

Designing new materials and methods to prevent catastrophe! 

The primary scientific objective of CAT-FFLAP is to 
model vibration induced failure propagation in 
complex structured media. For example, consider a 
crack or defect propagating in a periodic medium 
(Fig. 2) that may represent a bridge deck (Fig. 3). The 
crack may propagate as a result of some forcing or 
load producing unwanted vibrations, for instance, 
generated by an earthquake or pedestrians traversing 
the bridge. Other examples of structured media 
undergoing failure include the simplified model in Fig. 
4, where failure of an entire bridge may be modelled.  
 
In each case, we ask: 
 
• Can one predict the failure phenomenon 

associated with the propagation vibrations in this 
structure?  

• What speed does the failure possess?  
• What dynamic response does the structure 

undergo as a result of this failure?  
• Does the failure process settle to a steady 

propagation?  
• What load is required to initiate and support the 

fracture propagation?  
 
All these questions are of relevance in practical 
applications, but are largely unaddressed in research 
into metamaterials. By working together with physicists, 
engineers, computer scientists, mathematicians, and 
industrialists we aim to tackle these questions! 
 

Potential Outcomes 
It is envisaged that addressing these questions within 
project CAT-FFLAP will lead to designs for novel 
materials capable of inhibiting the initiation and 
propagation of failure. It will also open new directions 
for theoreticians and experimentalists aiming to 
create new metamaterials. Novel tools will also be 
provided to engineers allowing them to quickly and 
efficiently understand and predict failure 
phenomena in frame-like systems 
 

New pathways will also be provided to control the 
flow of vibrations in structured materials mitigating 
their catastrophic effects. Some research topics 
considered in this project involve: 
 
• Vibrations and failure in frame-like engineering 

systems and 
• Earthquake protection and design of seismic 

metamaterials. 

Who benefits? 
The results of CAT-FFLAP can potentially change civil 
engineering design practices, helping to avoid the 
catastrophic failure of frame-like systems such as 
bridges, pipelines and rooftops. The designs will 
reduce costs associated with the maintenance of 
these structures. As a result, a new breed of stronger 
and safer structures that can prevent the long-term 
closure of transport links will be constructed for 
society and industry. 

 

(a) (b)

Above: Collapse of a rooftop, Tottenham, 2014.  

0.3 Dynamic fault in a two-dimensional inhomogeneous lattice
structure

The ideas of the previous sections will be extended to the case of
an inhomogeneous lattice which occupies an infinite plane. Non-uniformity
within the lattice is introduced in the same way as before, i.e. by assigning
different masses to the joints of the lattice. The problem corresponds to the
anti-plane deformation, and the elementary cell of the periodic lattice has a
rectangular shape, as shown in Fig. 4a. In this diagram, the particles repre-
sented by black (or white) discs are assumed to have the mass m1 (or m2).
The rows of joints of the same mass are aligned with the horizontal axis,
and with our choice of distribution of mass, an elementary cell of the doubly
periodic structure contains three particles, with two particles of mass m1

and one particle of mass m2.
(a) (b)
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Figure 4. Nonuniform lattice structures: (a) Undamaged lattice, (b) Lat-
tice with a crack. The elementary cell is shown as a shaded rectangle. The
horizontal and vertical coordinates of the cell are denoted by m and n,
respectively.

Similar to the previous text, we introduce the normalization in such
a way that the stiffness of the bonds connecting neighbouring particles,
the lattice spacing between neighbouring particles, and the averaged mass
density within the elementary cell are equal to unity. This implies that
(2m1 +m2)/3 = 1, and that the low-frequency wave speed is equal to c = 1.
The notation r = m1/m2 is used for the contrast parameter of the lattice.

The equations of motion are written for three particles within the
elementary cell of the periodic structure, and the displacement of a node
is denoted by uj,m,n, where (m,n), m,n = 0,±1,±2, ..., is the multi-index
characterising the position of the cell me(1) + 3ne(2), and the remaining
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Fig. 4. Square-cell lattice.

to the force velocity, v, is directed towards the force. Thus, the power of the force is
now

N =
V [(q0 − q1)2 − q20]

2(V 2 − 1) : (20)

As the amplitude of the initial wave, q0, increases the power of the force, N , de-
creases becoming zero when q0=q1=2 and then negative when q0¿q1=2. In particular,
if q0 = q1, only the wave ahead the force remains and its energy !ows to the force
which plays the role of an energy absorber. Such a wave can be called the feeding
wave.
Note that vg = v=2 for a wave on the deep-sea surface and it can represent another

example of the feeding wave of such a kind.

3. Dynamic crack growth in a square-cell elastic lattice

Consider an in"nite lattice consisting of point particles of mass M . Each particle
is connected with four neighbors by the same linearly elastic bonds each of length a
(Fig. 4). For this lattice mode III crack propagation is studied. A semi-in"nite crack
is assumed to propagate to the right with constant speed v; that is, the time-interval
between the breaking of neighboring bonds on the crack path, a=v, is constant. In this
‘steady-state’ process, one or several feeding waves can deliver energy to the crack
front. A part of the energy is spent on the bond disintegration on the crack path and
the rest is radiated by dissipative waves away from the crack front. The number of
these waves and their location depend on the crack speed. In outline, the plan of the
solution is as follows.
First, the Fourier transformation of the steady-state dynamic equations for an un-

bounded intact lattice is performed and a general solution is derived. Then a dynamic

Damage"propaga=ng"through"a"bridge"
"""""""""""""""""(Brun"et"al."(2013))"

Below: 1D structure, mass-beam chain supported by  
Springs [Brun et al. 2013] 

Above: Collapse of the San Saba Railway bridge, 
Texas, in     2013, [Brun et al. 2014]  

Above: Progressive collapse of the Puente Viejo 
bridge, Chile, 2010, [Brun et al. 2013]  

               Above: Dynamic failure of mass-beam structure within an 
               interface [Nieves et al. 2016] 

  

Fig. 2: Structured medium with a propagating crack that may 
represent a bridge deck undergoing catastrophic failure. 

Fig. 4: A simplified representation of a bridge, such as in Fig. 
3, composed of fundamental engineering elements describing 
the bridge deck and the supporting columns. 

Fig. 1: Multi-span bridges undergoing catastrophic failure. 
Pictures taken from (top to bottom, left to right), 
neatorama.com, National Geographic and bbc.com. 

Fig. 3: The Rio-Niterói Bridge connecting Rio de Janeiro and  
Niterói in Brazil (image from https://www.telegraph.co.uk).  


